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Abstract 
For any projective system of bounded below (cochain) complexes {CT}, there exists two 
convergent spectral sequences with the same limit, involving the derived projective limits of the 
cohomologies of the CF. 
Assuming an hypothesis which will be satisfied in the given applications, we show how one 
can, in each dimension of the complexes CT, replace the two previous spectral sequences by a 
long exact sequence linking the cohomology in this dimension of the projective limit of the C:, 
to the derived projective limits of the cohomologies of the C: in the same dimension. 
This may be used in several directions. We obtain results concerning the cohomology (with 
values in a module) of an inductive limit of complexes, in terms of the pure injective dimension 
of the module, or of the cardinality of the base ring, or of its global dimension. This may be 
applied to the case of the twisted cellular cohomology of a filtering family of subcomplexes of 
a CW-complex. 
Similarly, if one considers a derived functor Extj(_, M) of an extension functor, and an 
inductive system {C’} of modules, one obtains results relative to the behavior of this derived 
functor with respect to the inductive limit of the C’, assuming some conditions on the module M, 
the ring A, or the modules C’. @ 1999 Published by Elsevier Science B.V. All rights reserved. 
1. Review of derived functors of projective limits 
In the sequel, A denotes a (non-commutative) ring with unit, and A-Mod denotes 
the category of left A-modules. 
For any ordered set I, filtering on the right, .T(I, A-Mod) denotes the category of pro- 
jective Z-systems of A-modules, and Y(I,A-Mod) the category of inductive f-systems 
of A-modules. 
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{AJi,hj}l and {M’,fi’}~ denote respectively a projective I-system and an inductive 
I-system of A-modules, where Jii is the transition morphism from A4j to Mi, and fji 
the transition morphism from M’ to Mj, for i 5 j. We simplify this notation to {Mi} 
or {M’} if there is no risk of confusion. 
The notions of projective or inductive Z-systems of A-modules may be generalized by 
replacing the category A-Mod by an abelian category. We will use this generalisation 
with projective or inductive Z-system of complexes of A-modules. 
The inductive limit functor limiE1 from X(l,A-Mod) to A-Mod is exact, but the 
projective limit functor 1imiGr from P(I,A-Mod) to A-Mod is only left-exact in general. 
Since the category P(KA-Mod) is abelian and has enough injectives, one may define, 
using the notion of injective resolution, the right derived functors of limiE1 denoted 
li$& for all IZ > 0. 
In the sequel, we will need another method to compute the derived functors limyE,, 
using the notion of flabby resolution, which we sketch below. 
A projective I-system {Mi, hj}l of A-modules is called Pubby [4, Section 11, if the 
canonical map 
lim Mi + lim Mi 
iEI iEJ 
is onto for any subset J of I such that i E J and j 5 i implies j E J. Flabby systems 
are interesting for the following reasons. 
First, any projective Z-system of A-modules may be embedded in an elementary 
way in a canonical flabby system, and consequently has an explicit flabby resolution. 
Indeed, if {Mi,fj}l is a projective Z-system of A-modules, the projective Z-system 
{Fi, pij}l, where Fi = niOli& and where pg is the obvious projection, is a flabby 
system. Furthermore, the homomorphisms yi : A&i + Fi, where yi(a) = (fi,,i(a)k<i define - 
an embedding from {A4i, fj}l into {Fi, pu}~. 
Second, the derived functors li$G, may be computed as previously explained, but 
with a flabby resolution instead of an injective resolution. For example, we may use 
the explicit flabby resolution described above. 
This leads to the following result [4, 4.11, which we will use to compute the derived 
ftmctors lim$,. 
Theorem 1. Let {A&, fii}l be a projective I-system of A-modules. Then @&, Mi may 
be computed as the nth cohomology module of the complex 
where Mi,,,,i” = Mi,, and 
n+l 
P(a)(i,, . . . , ia+1 ) = fi,ij a(h,. . . , &+I )+C(-l)ka(io,...,i;: ,...,42+1). 
k=l 
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In the above formula, the notation a(&. . ., i,) represents the component of in- 
dex (ia , . . , i,) of the element a of ni,<,,,<i, MiO_,i,,, and (io,. . , &, . . . , in+,) denotes _ 
(io,.. .,ik--l,ik+l,...,in+l). 
We now mention two spectral sequences involving the derived functors limyE,, to 
be used in the sequel. 
First, we remark that if {M’, fji} t is an inductive Z-system of A-modules, then for 
any integer q 2 0, and any A-module N, {Extffi(Mi,N),ExtI(f”, 1~)) is a projective 
I-system of abelian groups. So, we may state the following [4, 4.2, 71: 
Theorem 2. For any inductive I-system {M’, fji}t of A-modules, and any A-module 
N, there exists a cohomology spectral sequence E, such that 
Ep9 = limP Extffi(M’, N) 
iEl 
converging to the graded group Ext :(limiEl M’, N). 
The functors Ext; may be defined for example by using projective resolutions. Simi- 
larly, we can define the Pexti functors, by using pure projective resolutions. 
A short exact sequence of A-modules is called pure, if it remains exact after tensori- 
sation over A with any (right) A-module. An A-module P is called pure projective, if 
any pure short exact sequence, involving P as its last module, is split. The pure projec- 
tive A-modules are the direct factors of direct sums of A-modules of finite presentation. 
Therefore, any A-module has a pure projective resolution, which means that the res- 
olution is made of pure projective modules, and that all short exact sequences which 
compose this resolution are pure. If M and N are A-modules, one defines the group 
Pextj(M,N), for each integer n > 0, as the nth cohomology group of the complex 
HomA(P*, N), where P, is a pure projective resolution of M. 
So we obtain [4, Section 41, in terms of pure extensions, under the hypotheses of 
the preceding theorem, a cohomology spectral sequence E, such that 
Epq = limp Pext l(M’, N) 
iEl 
converging to the graded group Pexti(limiel M’, N). 
If the A-module M is a (filtering) inductive limit of pure projective A-modules M’ 
(for example, any module is such an inductive limit of modules of finite presentation), 
the groups Pextl(M’,N) vanish for any integer q 2 1, and any A-module N, so that 
the previous spectral sequence degenerates into isomorphisms 
Pext2(M,N)?l&n”HomA(Mi,N) 
iEl 
for any integer n 2 0. 
Remark that if the ring A is (left) noetherian, any (left) A-module of finite type is 
also finitely presented, and therefore pure projective. 
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Dually, an A-module Q is called pure injective, if any pure short exact sequence, 
involving Q as its first module, is split. The pure injective A-modules are the alge- 
braically compact modules [3], and any A-module has a pure injective resolution. If 
it4 and N are A-modules, the group Pext j(&& N) can also be defined, for each integer 
rt 2 0, as the nth cohomology group of the complex HomA(M,Q*), where Q* is a 
pure injective resolution of N. 
For any A-module M, its pure projective dimension or its pure injective dimension 
is defined like its projective or injective dimension, but using pure resolutions. 
Further details on derived functors of projective limits may be found in [4]. 
2. The cohomology long exact sequence of a projective limit of complexes 
We show in this section that, assuming an hypothesis which is naturally verified in 
the given applications, there exists a long exact sequence linking the cohomology of 
a projective limit of complexes to the projective limit of the cohomologies of these 
complexes. 
We denote by {CT} a projective Z-system {CT,Jj}r of cochain complexes of A- 
modules (so that the differentials & of the complexes CT = (C:, a:),,~ are of degree 
+ 1). Equivalently, { CF} is an object of Y(I,DGA-Mod), where DGA-Mod is the 
category of cochain complexes of (left) A-modules. 
We begin with a general result. 
Theorem 3. Let {CF} be a projective I-system of cochain complexes of A-modules 
with positive graduation. Then, there exists two cohomology spectral sequences E’ 
and El’. such that 
E’Fq = limJ’Hq(C,“) and E”?’ = HP limqC,* 
iE1 (- ) iEI 
converging to the same limit. 
Proof. Consider the bicomplex of A-modules K = (KJ’,q, d’p.4, a”p~q)p,qLo, with positive 
graduations and differentials of respective degrees (1,0) and (0, 1 ), where 
Kpjq = n C&, where Cl.,,i, = Cz, 
iOi...<ip 
af.fw : 
rI ‘l...i, +  rl[ c~...ip+l 1 
io<...<ip iO<...<ip+l 
P+l 
a’P,q(a)(iO ,..., ip+l)=f;:,4i,a(il ,..., ip+l) + C(-l)ka(io ,..., G ,..., ip+l), 
k=l 
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8’p*4 = (-l)p n at...i, where 8i,,,i, = 3;. 
io 5.. <tp 
It is readily verified that these differentials satisfy the usual equations. 
This bicomplex gives rise to two convergent cohomology spectral sequences, con- 
verging to the same limit, whose terms of level 2 are given by the following classical 
formulas [ 51: 
Eip” = H’PH”q(K) for the “jirst” spectral sequence, 
E ypSq = H”PH’q(K) for the “second” spectral sequence. 
It follows that the computations yield for the first spectral sequence 
E:‘,’ = n Hq(C;...i, ), 
iO<...<ip 
where C,:.,.i, = C,:,, and 
E ‘pq = limp Hq(CT), 
ItI 
taking the nature of the first differential into consideration, and using theorem 1. Simi- 
larly, for the second spectral sequence, one finds first Eyp’q = lir& CF, and then 
E ;p’q = HP(lit&C;). 0 
Corollary 1. If {C;} is a projective I-system of cochain complexes of A-modules, with 
positive graduation, such that lit-&C,! = 0, for all q 2 1, there exists a cohomologJ> 
spectral sequence E, such that 
EFq = li_mp Hq(CL:), 
iEl 
converging to H*(limi,~C1~). 
The following result [7] is an immediate consequence of Corollary 1. 
Let {CL} be an inductive Z-system of chain complexes of A-modules (i.e. the dif- 
ferentials are of degree -l), with positive graduation and C, = lirniE, Ci. If A4 is 
an A-module, {Horn A(Ct ,M)} is then a projective I-system of cocbain complexes of 
abelian groups (with positive graduation). 
If the A-modules C, and Ci are projective for all i and q, lit&Horn A(C:,M) vanish 
for all q > 1 (so that we satisfy the hypotheses of Corollary 1). Indeed, according to 
Theorem 2, there exists for any integer n 2 0 a cohomology spectral sequence E, such 
that 
E2p” = limp Extg(Ci,M), 
it1 
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converging to Ext:(C,,M). The fact that the CL are projective implies that this spec- 
tral sequence degenerates into isomorphisms li$,Hom A( CL, M) N Ext z( C,, M) for all 
p > 0, which, taking now into account the projectivity of the C,,, yield li$& HomA 
(CL,M) = 0 for all p 2 1. Then, Corollary 1 insures the existence of a cohomology 
spectral sequence E such that E, p,q = li@pE, Hq( CL; M) converging to H*( C,; M). 
Consider a Hausdorff topological space X, equipped with a filtering family of sub- 
spaces Xi (relative to the inclusion order), iEI, such that X = &x’, and such that 
any compact of X is contained in one of the Xi. If one denotes by S,(X) (respectively 
S,(X’)) the complex of singular A-chains of X (respectively of Xi), these complexes 
of A-modules satisfy the conditions required above for the complexes C, and Cf. So, 
as a consequence of the preceding study, we see that if M is an A-module, there exists 
a cohomology spectral sequence E, such that E2 p’q = lim! Hq(X’; M), converging to _ IEI 
H*(X; M). 
Corollary 2. If {CF} is a projective I-system of cochain complexes of A-modules 
with positive graduation, such that li$& Hq(CF) =0 for all p 2 1 and all q 2 0, 
there exists a cohomology spectral sequence E, such that 
converging to limi,l H*(C,*). 
If, for example, the A-modules Hq(Ci*) are linearly compact for all i and q, and if 
the homomorphisms Hq(C' ) + Hq(CT ) are continuous for all i, j and q, with i 5 j, 
then the A-modules l$& Hq(Ci*) vanish for all p 2 1 and all q 2 0 [4, 7.11. 
In particular, it is the case when the A-modules H‘J(CT) are artinian [4, 7.21. 
By modifying the proof of Theorem 3 one may drop the hypothesis that the com- 
plexes Ci+ are bounded below, and, using a condition that will be satisfied in the sequel, 
one may exhibit a long exact sequence which replaces the previous spectral sequences. 
Theorem 4. Let {CT} be a projective I-system of cochain complexes of A-modules. 
Suppose that for some integer q, we have li+mGI Cy-’ = 0, for any integer p > 1. 
Then, we have the following long exact sequence: 
0 ----f 1im’Ker 8-’ I ~Hq(li_mC~)~ limHq(C~~)~lim2Kerd~-’ 
iEI iEI iEI iEI 
--,lim1Ker~~--tlim1Hq(Cj”)~lim3Ker~~-’ ... 
iEI iEI iEI 
-+ limp Ker a! * limPHq(C,‘) + lim pf2Kera?-‘. . . I 
iEI iEI iEI 
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Proof. In order to avoid confusions in this proof concerning indexes, we denote the 
integer q of the statement of the theorem by 4. Consider the bicomplex (with two 
lines) of A-modules K = (Kp,q, iYP”, 8”“‘) defined as follows. 
I 
n 
iO<...<iP 
Ker a[.,., if q =ij and p > 0, 
KP.4 = 
n c::; if q=q- 1 and p > 0, 
iO<...<iP 
I 0 otherwise. 
The differentials d’J’,q and d”P.4, except in the trivial cases where they vanish, are 
constructed according to the same principles as in Theorem 3. 
This bicomplex yields two cohomology spectral sequences E’ and E”, with the same 
limit, and with 
f liI$H”(c:) if q=ij and p 2 0, 
it1 
El?‘= limPKer$’ ifq=q-1 andp>O, I_ 
iEI 
0 otherwise, 
lim Ker a!-' I if p=q- 1 and q=O, 
iEI 
lIP.4 E, = 
I: 
HT lim C,: 
(- ) 
if p=q and q=O, 
iGl 
limq Ker a7 if p=q and q 2 1, 
iEl 
I 0 otherwise. 
We denote by 1” the graded A-module, which is the common limit of the two spectral 
sequences, which is computable via the second spectral sequence, which is degenerated, 
and we denote by F the filtration of 1’ associated to the first spectral sequence. 
Diagram chasing in the first spectral sequence yields the long exact sequence of 
Fig. 1, in which d2 represents the differential of this spectral sequence. The homomor- 
phisms i are inclusions, and the homomorphisms rt are projections on quotients. This 
completes the proof of Theorem 4. 0 
3. Application to the cohomology of an inductive limit of complexes 
We will show how one can use Theorem 4 to produce a long exact sequence linking 
the cohomology of an inductive limit of complexes (with values in a module) to the 
derived projective limits of the cohomologies. 
In the sequel, we denote by {Cf} an inductive I-system of chain complexes of 
A-modules, so that the complexes Ct = (C$ a6)qEZ have differentials 8 of degree -1. 
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On Derived Projective Limits 
0 
]im3Ker 37-1 = Er3*!-1 
- t 2 
iEl 
Fig. 1. 
We denote by C, = (C,, iJ,& the complex l&&, and by K&C,) and K,(Ci) the 
respective cokemels of a,+1 and dt,, . 
Consider first the general case of an additive contravariant functor between two 
categories of modules T : A-Mod -B-Mod. Then { TC:} is a projective I-system of 
cochain complexes of B-modules. For homogeneity reasons, we let TCf = (TC;, 87 = 
TV;+1 ))~Ez. 
Suppose that there exists an integer q such that l@$-, TCi_, = 0, for all p 2 1. We 
can then write for the projective I-system { TC:} the long exact sequence of Theorem 4. 
If furthermore the functor T is left exact, we have Ker as = T(K,(Cf )) for all i and 
all q, and the long exact sequence is as follows: 
0 -+ li_mlT(Kq_l(C~)) +Hq l@ TCL -+ limH”(TCi) 
iEl (>- iEZ iEl 
-+ lim2T(K,_1(Ct)) + lim’T(K,(Ci)) + limlHq(TC~). . . 
ifg i5 iEI 
_, lim@‘T(K,_l(C’)) + limPT(Kq(C’)) --f limPHq(TC’)* - 9 
* * * 
iEI iEI iEI 
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As an example of such a functor T, consider the functor Horn A(_,M), where M is 
an A-module, and let B-Mod be the category Ab of abelian groups. 
Suppose that there exists an integer q such that the A-modules C,_ 1 and C&i are 
pure projective for all i. Then li$-IHomA(C&,M) vanish for all p > 1. Indeed, we 
have seen in Section 1 that the pure projectivity of Ci_, yields isomorphisms 
limp HomA(Ci_,,M) 21 Pext:(C,-1,M) 
itI 
for all p 2 0, so that our claim follows from the pure projectivity of C,_,. 
Therefore, the hypotheses of the preceding general study are satisfied, and we have 
proved the following theorem which specifies the theorem in [2], and which appears 
here as a simple consequence of Theorem 4. 
Theorem 5. Let {Cf} be an inductive I-system of chain complexes of A-modules, C, 
its inductive limit, and M an A-module. Suppose that there exists an integer q such 
that the A-modules C,_, and C&, are pure projective for all i. Then we have the 
following long exact sequence linking the qth cohomology group of C,, with values 
in M, Hq(C,;M) to the derived projective limits of the qth cohomology groups of the 
CL, with values in M: 
O--tli_mlHomA(Kq_-l(Cf),M)~Hq(C*;M)~ @H’(Cf;M) 
iE1 iEI 
-+limZHomA(K,_l(C~),M)~liml Hom~(Kq(Cf),M)--tli_mlHq(Cf;M)..~ 
iEI iEI rEI 
-+ limp+’ HomA(K,_i(Cf),M) --+limPHom~(Kq(Cf),M)-+limPHq(Cf;M)~~~ 
iEI iEI iEI 
Corollary 3. Zf, with the hypotheses of Theorem 5, the A-modules Kq_, (Cf ) and 
Kq(Cf) are pure projective for all i, the preceding long exact sequence is as 
follows: 
0 --f Pexti(K,_i(C,),M) + Hq(C,;M) 4 lip Hq(CI;M) 
iEI 
---f Pexti(K,_i(C,),M) + Pext:(K,(C,),M) --+ l&n’ Hq(Ci;M)... 
iEI 
--t Pext,P+‘(Kq_-l(C*),M) --f Pext$(&(C,),M) -+ limp Hq(Cf;M). .. 
iEI 
The hypothesis that the A-modules K,_i(Cf ) and K,(C!+) are pure projective is 
satisfied if, for example, the A-modules Ci_i, Ci and Ci,, are projective of finite type 
for all i. 
We will now denote by LSi and LS2 the long exact sequences of Theorem 5 and 
Corollary 3. 
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Conditions on the pure injective dimension of M, on the cardinality of A, or on its 
global dimension may cancel some terms in the preceding exact sequences, allowing to 
compute some of the l@& Hq(Cf; M), for p 2 1 (the phantoms of the cohomology 
with values in M, of the inductive system {CL}). We will give some examples of this 
later. 
Theorem 6. IJ; under the hypotheses of Theorem 5, the A-module A4 is pure injective, 
we have 
Hq(C,;M)= lim Hq(Ci;M) and limP Hq(Cf;A4)=0 
iEI iEI 
for all p > 1. 
Indeed, if M is pure injective, we have limip,, HomA(F’,M) = 0 for p 2 1 and any 
inductive I-system {F’} of A-modules [3, 3.51, and the claim is a consequence of LSi. 
For any A-module M, let pid (M) denote the pure injective dimension of M [3, 1.11. 
Theorem 7. Suppose, under the hypotheses of Corollary 3, that we have pid(M) 5 
n + 1, where n > 0 is an integer (this is veriJied, for example, if Card (A) < N, ([3, 
7.101). Then 1$-r& Hq(Cf; M) = 0 for all p 2 n + 2, and 
lim”+’ Hq(Ci;k4) =Pext:+‘(K,(C,),M). 
iEI 
This comes from the fact that if pid (M) I n + 1, we have Pext z(&(C,),M) = 0 for 
r = q, q - 1 and all p > n + 2. The claim is then a consequence of LSz. 
In particular, if the ring A is countable, LS2 is as follows: 
0 --f Pext:(K,_i(C,),M) --) Hq(C,;k4) --f lim Hq(Ci;M) 4 0. 
iEI 
In the next theorem, we denote by in(A) the global left dimension of the ring A, i.e. 
the least upper bound of the projective dimensions of the left A-modules [S]. For any 
integer n, there exists a ring A, such that lo(A) = n, for example the ring k[Xi, . . . ,X,] 
of polynomials in IZ variables over the field k. 
Theorem 8. IJ; under the hypotheses of Theorem 5, we have lo(A) 1. n, where n 2 1 is 
an integer, and if the integer q is such that Hq-l (Cf. = . . . = Hq_,,(Ci ) = 0, for all i, 
and such that the A-modules C,_ 1, C& , , . . . , C,_,_ 1, C&_ , , are projective for all i, we 
have Hq(C,;M) = li_mi,=r Hq(Ci;A4), and li_m$, Hq(Ci;M) = lir$, HomA(Hq(Ci), 
M) for all p 1 1. 
Proof. The hypotheses allow us to consider the sequence: 
c;_, a;_! ,& -+ . . . ‘:-,t’ C;& % K,_,(Cf) -+ 0 
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(where rci is the projection on the quotient), as the begining of a projective resolution of 
K&Cf). Since /D(A) 5 n, it follows that Kera&,, and therefore Ima; is projective. 
The short exact sequences with natural homomorphisms: 
O+H,(C!+)+K,(C~)+Ima~+O 
are then split for all i, and this yields a short exact sequence of projective I-systems 
of abelian groups: 
0 + {HomA(Im a,$M)} --f {HomA(Kq(CL),M)} --) {HomA(Hq(Ci),M)} 10 
and hence, applying the fimctor limie,, we have the following long exact sequence: 
. . . -+ limp Horn&m&M> + Iimp HomA(K,(Ci ),M) 
iEl iEl 
-+ limPHomA(HJCi),M) + limPf’HomA(Imag,M)... 
iEl iEI 
Since the A-modules Ima: are projective for all i, we have 
li_mPHom~(Im~f,M)=Ext~(Im~,,M) 
rEf 
for all p > 1, and finally lir& HomA(Im a$M) = 0 for all p > 1, since Im ay is also 
a projective A-module, as can be seen in the same way as for Im 3:. So, 
Iimp HomA(Kq(C:),M)= limp HomA(Hq(Ci),M) 
IEI iEl 
for all p 2 1. 
Taking the hypotheses into account, the same kind of result can be obtained at rank 
q - 1. For this consider the sequence 
which shows that Im a&, is a projective A-module. The same argument as above leads 
to lim,$, HomA(Kq_i(Ci),M) = 0 for all p 2 1, since H,_,(Ci) = 0 for all i and since 
Im d,_i is also a projective A-module as can be seen in the same way as for lm?b_,. 
The claim follows then immediately from the sequence LS1. 0 
A result of the same nature as the one stated in Theorem 8 can be obtained under the 
hypotheses of Corollary 3. One supposes this time that Hq_ 1 (C, ) = . = H,_,( C, ) = 0, 
and that the A-modules C-1,. . , &_t are projective. The term l@r& HY(C:;M) is 
then equal to Pext$(H,(C,),M) for all p2 1. 
We give a topological application of the preceding study. 
Let X be a connected CW-complex with fundamental group r-r, ?? its universal cover, 
and Z[rt] the group ring of 7c with integer coefficients. Also let A be a unitary ring, and 
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8 : Z[rt] -+ A a unitary ring morphism, with turns A into a bimodule: a natural structure 
of left A-module and one of left z-module obtained by involution in the ring Z[n] 
from the structure of right rc-module furnished by induction via 8. 
For any subcomplex K of X, one defines the twisted cellular complex of K with 
coefficients in A, denoted by C,(K;A), as C,(E) E& A, the tensor product over Z[z] 
of the cellular complex C*(E) associated to the subcomplex K of 2 over K, with A. 
The cellular complex C,(K;A) constructed in this way is a complex of free A-modules 
having in each dimension q a basis equipotent to the set of q-cells of K. Its homology, 
denoted by H,(K;A) is the twisted homology of K with coefficients in A. 
If M is a left A-module (and therefore a left rc-module by induction via O), the 
(cochain) complex of abelian groups Horn A(C*(K; A),M) is isomorphic to the complex 
Horn .(C*(K),M), and hence its cohomology furnishes the twisted cohomology of K 
with values in M, denoted H*(K;M). 
For any filtering family (for the inclusion order) of subcomplexes K’ of X, i E I, 
such that X = UiEI K’, one may apply to the inductive Z-system of complexes of 
A-modules { C,(K’; A)}, with inductive limit C,(X; A), the results of Theorem 5, since 
the complexes C,(K’; A) and C,(X; A) are free in every dimension. 
So, we obtain, for each dimension q, a long exact sequence linking the qth twisted 
cohomology group of X to the derived projective limits of the qth twisted cohomology 
groups of the K’. 
If, for some q, the subcomplexes K’ have only a finite number of cells in dimensions 
q - 1, q and q + 1, then K,_1(C,(K’; A)) and Kq(C+(Ki; A)) are finite presentation 
A-modules (and therefore pure projective), for all i, and one may write for this integer 
q, the exact sequence of Corollary 3. 
We remark, for example, in this last case that hypothesis Card(A) 5 N, forces the 
vanishing of the phantoms limip,r Hq(K’; M) for all p 2 n + 2. 
Similarly, the hypothesis Z&A) 5 II, together with Hq_ 1 (X; A) = . . . = H,_,(X; A) = 0, 
furnishes Hq(X; M) = l&n_miEr Hq(K’; M), and l$& Hq(K’; M) = Pext ;(Hq(X; A),M) 
for all p> 1. 
If the ring A is (left) noetherian, it is enough to suppose that the subcomplexes K’ 
have a finite number of cells in dimensions q - 1 and q. 
4. Derived projective limits and the functors Ext >. 
In this section, {Ci} represents an inductive Z-system of A-modules, and A4 an 
A-module. 
We consider, for each i, a projective resolution Pi = (Pi, 8;) of C’, in which 8; rep- 
resents the augmentation from PA to C’. We assume that these resolutions are compat- 
ible with the inductive Z-system {C’}, i.e. that the transition morphisms fji : C’ + Cj, 
for i 5 j, of the inductive Z-system {C’}, are lifted to morphisms of complexes Fj’ : Pi -+ 
P;‘, such that Fkj.Fji = Fki, for i, j and k such that i 5 j 5 k, and F” = Ipi, for all i. 
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So, we have an inductive I-system {P.} of projective resolutions. We also assume that 
li$liEl Pi is a projective resolution of li_miEl C’. 
These hypotheses are of course not satisfied in general, by arbitrary projective reso- 
lutions of the C’. However, they are satisfied if we take, for example, for each C’ its 
canonical free resolution [ 11. 
In these conditions, we may apply Theorem 5 to the projective resolutions Pi, and, 
taking into account the definition of the functors Ext z(_,M), obtain the following: 
Theorem 9. With the notations previously introduced, there exists, for any integer 
q 2 1, a long exact sequence linking the group Extl(limiE, C’,M) to the derived 
projective limits of the groups Ext:(C’,M): 
0 -+ lim’Hom~(Imd~_,,M) + Extz 
iEI (- i 
lim C’,M --+ lim Ext z(C’,M) 
i-51 iEl 
+ lim*Hom~(Im8&,M) 4 lim’Hom~(Im3,$M) + lim’Extj:(C’,M).~. 
iEI iEl iEl 
+ limp+’ HomA(Imd&,,M) + limPHom~(Im~~,M) + limPExt:(Ci,M)... 
iEl iEI iEI 
Note that the preceding sequence involves the syzygies of the modules C’ [8]. 
One may, assuming a complementary hypothesis on the modules C’ obtain a result 
making no reference to some resolutions PL, compatible with the inductive 
Z-system { Ci}. 
Theorem 10. Suppose that there exists an integer n > 1, such that the A-modules 
C’ are of type FP”+’ for all i, and let P, = (P,,d,) be any projective resolution 
of limiE1 C’. Then, we have, for any integer q, 1 <q 5 n, the following long exact 
sequence, involving only the syzygies of the module li_micl C’: 
0 --+ Pextfi(Imd,_i,M) -+ Ext; lim C’,M 
(- ) 
---f lim Extz(C’,M) 
iEI IEI 
+ Pexti(Imd,_t,M) + Pext:(Imd,,M) + li_m’Ext~(C’,M)~.. 
iEI 
+ Pext~+‘(Imdq_-,M) -+ PextI(Imd,,M) -+ limPExt~(Ci,M)~~. 
iEf 
Proof. Each A-module C’ has by assumption a projective resolution Pi = (Pi, al), in 
which the A-modules Pl, 0 5 q 5 n + 1, are of finite type. These resolutions are of 
course not compatible in general with the inductive I-system {C}. 
Let us consider the inductive I-system {ti,} made with the free canonical resolutions 
LL = (Lb, 8;) of the A-modules C’, to which we may apply Theorem 9. The modules 
Im d6 and Im 6: are projectively equivalent for all i and q, and therefore the modules 
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Im 8; are pure projective for all i and q, 1 5 q 5 n, as direct factors of pure projective 
modules. 
Let L, = (L4, 6,) be li_mi,l L!+. Since Im 6, = limier Im d; for all q, it is a conse- 
quence of the preceding study that lim,, JJ Hom~(Im6~,M)=Pext~(Im6,,M), for all 
p 2 1, and all q, 1 _< q < n. (The corresponding assertion for q = 0 is trivial.) 
The modules Im d, and Im 6, are themselves projectively equivalent for all q, and 
the claim of the statement is obtained by applying Theorem 9 to the free resolu- 
tions L’,, for the integers q, 1 5 q < n, and by replacing in the corresponding exact 
sequences the terms l&r& HomA(Im6i,M) and lim$ HomA(ImSi_,,M) respectively 
by Pext:(Imd,,M) and Pextz(Imd,_i,M) for all p> 1. 0 
The preceding theorem may be especially applied when the A-modules C’ are of 
type FPm for all i, and therefore in particular when they are of finite type (resp. of 
finite presentation), and when the ring A is left noetherian (resp. coherent). 
We give some examples showing how one can, in the preceding exact sequences, 
assuming conditions on the pure injective dimension of M, on the global dimension of 
the ring or on its cardinality, compute some of the lim,pE, Extz(C’,M). 
Theorem 11. If the A-module A4 is pure injective, one has 
Extz lim C’,M 
(- ) 
= l@n Extz(C’,M) 
iEI iEI 
for all q> 1, and lir$,Ext~(C’,M)=O for all p> 1, and all q> 1. 
This is an immediate consequence of the exact sequence of Theorem 9. 
Theorem 12. If, under the hypotheses and with the notations of Theorem 10, we have 
pid (M) L m + 1, or Card (A) 5 N,, where m 2 0 is an integer, then 
lim”+’ Extz(C’,M)=Pext,“+‘(Imd,,M) 
iEI 
for all q, 1 I q 5 n, and l&r& Extz(C’,M) = 0 for all p > m i-2, and all q, 1 5 q 5 n. 
With the same conditions, if for example the ring A is countable, the exact sequence 
of Theorem 10 writes, for all q, 1 5 q 5 n, as 
0 --t Pexti(Imdq-i,M) --) Extl 
(- 
lim C’,M 
iEI ) - 
+ lim Extz(C’,M) + 0. 
iEI 
Theorem 13. Suppose that ID(A) 5 n, where n 2 1 is an integer. Then, with the no- 
tations of Theorem 9, we have 
limPExt~(Ci,M)=li_mpf2Hom~(Im~~_,,M) 
iEl iEI 
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,for all p > 1, and the exact sequence: 
o + lim’ HomA(Imd~_,,M) + Exti 
igl 
--f lim Exti(C’,M) + li_m*Hom~(Im8~_i,~) * 0. 
iG1 iEI 
If in particular the ring A is left hereditary, then the preceding exact sequence is 
as PI 
0 + lim’ HomA(Ci,M) + Extf, 
iGl 
+ l&n Ext:(C’,M) + lim* HomA(Ci,M) + 0. 
rEI iEI 
One can enhance the result of Theorem 13, if we also suppose that the A-modules 
C’ are of type FP” for all i. In this case indeed, with the notations of Theorem 10, we 
have 
limP Ext:(C’,M) = Pext~‘*(Imd,_i,M) 
iG/ 
for all p >_ 1, and the exact sequence: 
0 ---f Pextl(Imd,_i,M) ---f Exti 
L ) 
lim C’,M 
iEI 
-+ l&n Ext;(C’,M) + Pext;(Imd,_l,M) ---f 0. 
iEI 
The hypotheses of Theorem 10 are satisfied here, because any module of type FP” 
on a ring whose global dimension is less than or equal to n, is in fact of type FP”“. 
The exact sequence of Theorem 9 yields results on the projective dimension of an 
inductive limit of modules depending on the cardinality of the set I, or of the ring A. 
The part of the claim relative to the cardinality of I in the following theorem was 
proved differently by Osofsky [6]. 
Theorem 14. If we have Card(Z) < N,, or Card (A) 5 N,, n > 0, and if the A-modules 
C’ are, jbr all i, of projective dimension less than or equal to p, p 2 0, then the 
projective dimension of limiE1 C’ is less than or equal to n + p + 1. 
Proof. For each i, let L’, = (L$, 8;) be the canonical free resolution of C’, and consider 
the exact sequence of Theorem 9 deduced from this Z-system {L’} of resolutions, for 
the integers p+ l,..., p + n + 1. Taking into account the hypothesis on the projective 
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dimension of the modules C’, this yields the following isomorphisms: 
limn+2 HomA(Im?ij,M) = lim”+lHom~(ImS~+l,M)= ... 
iEI iEI 
= l&n’ Hom~(Im6~+,+,,M)=Ext~fP+2 lim C’,M . 
iEI L ) iEI 
If Card(I) 5 N,, one gets l$‘&? HomA(Im6$M)=0, and this proves the claim 
about the projective dimension of li_miGl C’. 
If Card (A) 5 N,, remark first that 
limn+2 HomA(Im &M) = Pext2+2 
iEI 
due to the projectivity for all i of the modules Im$,, and second that the right hand 
member vanishes because of the hypothesis on the cardinal@ of A. •! 
Corollary 4. Any flat module with an N, presentation, n> 0, is of projective dimen- 
sion less than or equal to n + 1. 
Indeed, any flat module with an N, presentation is a filtering inductive limit, with 
an index set of cardinal less than or equal to N,, of free modules of finite type. The 
claim follows from Theorem 14, taking p = 0. 
This result extends the classical result according to which any flat module of finite 
presentation is projective. 
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